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AN UNIFIED APPROACH ON CONSTRUCTING OF
MDS SELF-DUAL CODES VIA REED-SOLOMON
CODES
AIXIAN ZHANG AND KEQIN FENG
Abstract. Based on the fundamental results on MDS self-dual
codes over finite fields constructed via generalized Reed-Solomon
codes [9] and extended generalized Reed-Solomon codes [15], many
series of MDS self-dual codes with different length have been ob-
tained recently by a variety of constructions and individual compu-
tations. In this paper, we present an unified approach to get several
previous results with concise statements and simplified proofs, and
some new constructions on MDS self-dual codes. In the conclusion
section we raise two open problems.
1. Introduction
Let C be a linear code with parameters [n, k, d]q. Namely, C is a Fq-
subspace of Fnq with dimension k and the minimum (Hamming) distance
d. We have the Singleton bound d ≤ n − k + 1. C is called MDS code
if d = n− k + 1. The dual code of C is defined by
C⊥ = {v ∈ Fnq : (v, c) = 0 for all c ∈ C}
where for v = (v1, v2, . . . , vn) and c = (c1, c2, . . . , cn), (v, c) =
n∑
i=1
vici ∈
Fq is the usual inner product in F
n
q . C
⊥ is a linear code with parameters
[n, k⊥]q where k
⊥ = n−k. If C = C⊥, C is called self-dual. For self-dual
code C, the length n of the code C should be even by k = n− k.
MDS self-dual codes have attracted a lot of attention in recent years
by their theoretical interests in coding theory, many applications in
cryptography and combinatorics. For such codes, k = n
2
and d = n
2
+1
are determined by the length n. One of the basic problems is that for
a fixed prime power q, which even number n ≥ 2 can be the length of
an MDS self-dual code over finite field Fq ?
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This problem has been solved in the case q = 2m by Grassl and Gul-
liver [5]. From now on, we consider q = pm where p is an odd prime
number and m ≥ 1. Several families of MDS self-dual codes over Fq
have been constructed with length n satisfying certain conditions by us-
ing generalized Reed-Solomon (GRS for short) codes and extended gen-
eralized Reed-Solomon (EGRS for short) codes [2]-[4],[7],[9]-[12],[15],
orthogonal designs [8, 14], extended cyclic duadic codes and negacyclic
codes [6]. Roughly speaking, the first approach is to look for the GRS
codes and EGRS codes as candidates of MDS codes, then to find suffi-
cient conditions satisfied by length n such that the codes are self-dual.
The last two approaches are to look for the self-dual codes given by
orthogonal designs and (nega-)cyclic codes and select ones being MDS
codes. A table of MDS self-dual codes over Fq is provided in [14] for
length n ≤ 12 and odd prime number p ≤ 109.
In this paper, we focus on the first approach to consider the MDS
codes given by GRS and EGRS codes. L.Jin, C.Xing [9] and H.Yan [15]
present basic results on necessary and sufficient conditions for the GRS
codes and EGRS codes being self-dual respectively. By using these
conditions, several families of MDS self-dual codes with various length
n have been constructed [2, 3, 9, 12, 15] with careful computations.
In Section 2, we introduce the basic results given in [9] and [15], but
we provide an unified point of view on the constructions given there.
In Section 4, we select some known results stated and proved with our
approach. In Section 5, we construct new MDS self-dual codes with
our approach. In Section 6, we make conclusion and raise two open
problems.
2. Constructions of MDS Self-dual codes via GRS Codes
2.1. (Extended) Generalized RS Codes.
Definition 2.1. Let q = pm,S = {a1, a2, . . . , an} be a subset of Fq with
n distinct elements (so that n ≤ q), v1, v2, . . . , vn be nonzero elements
in Fq (not necessarily distinct), v = (v1, v2, . . . , vn). For 1 ≤ k ≤ n− 1,
the GRS code is defined by
Cgrs(S, v, q) =
{
cf = (v1f(a1), v2f(a2), . . . , vnf(an)) ∈ F
n
q :
f(x) ∈ Fq[x], deg f ≤ k − 1
}
.
This is an MDS (linear) code over Fq with parameters [n, k, d]q, d =
n− k + 1. The extended GRS code is defined by
Cegrs(S, v, q) =
{
cf = (v1f(a1), v2f(a2), . . . , vnf(an), fk−1) ∈ F
n+1
q :
f(x) ∈ Fq[x], deg f ≤ k − 1
}
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where fk−1 is the coefficient of x
k−1 in f(x). This is also an MDS code
over Fq with parameters [n + 1, k, d]q, d = n− k + 2.
A sufficient condition on set S has been given in [9] and [15] for Cgrs
and Cegrs being self-dual. From the proofs we can see that the sufficient
condition is also necessary.
For S = {a1, a2, . . . , an} ⊆ Fq, we denote
∆S(ai) =
∏
1≤j≤n
j 6=i
(ai − aj) ∈ F
∗
q .
Let ηq : F
∗
q → {±1} be the quadratic (multiplicative) character of Fq.
Namely, for b ∈ F∗q ,
ηq(b) =
{
1, if b is a square in F∗q,
−1, otherwise.
Now we introduce the basic results given in [9] and [15].
Theorem 2.2. Let a1, a2, . . . , an be distinct elements in Fq,S = {a1, a2, . . . , an}.
(1) ([9]) Suppose that n is even. There exists v = (v1, v2, . . . , vn) ∈
(F∗q)
n such that the (MDS) code Cgrs(S, v, q) is self-dual if and only if
all ηq(∆S(a)) (a ∈ S) are the same.
(2) ([15]) Suppose that n is odd. There exists v = (v1, v2, . . . , vn) ∈
(F∗q)
n such that the (MDS) code Cegrs(S, v, q) is self-dual code with
length n+ 1 if and only if ηq(−∆S(a)) = 1 for all a ∈ S.
Definition 2.3. Let Σ(q) be the set of all even number n ≥ 2 such that
there exists MDS self-dual code over Fq with length n. Let Σ(g, q) and
Σ(eg, q) be the set of all even number n ≥ 2 such that there exists MDS
self-dual code over Fq with length n constructed by generalized RS code
(Theorem 2.2 (1)) and extended generalized RS code (Theorem 2.2 (2))
respectively. Namely,
Σ(g, q) =
{
n :
2 | n ≥ 2, there exists a subset S of Fq, |S| = n,
such that all ηq(∆S(a)) (a ∈ S) are the same.
}
.
Σ(eg, q) =
{
n :
2 | n ≥ 2, there exists a subset S of Fq, |S| = n− 1,
such that all ηq(−∆S(a)) = 1 for all a ∈ S.
}
.
We have Σ(g, q) ∪ Σ(eg, q) ⊆ Σ(q). As a direct consequence of The-
orem 2.2, we have
Corollary 2.4. ([9]) Suppose that r = pm and q = r2, where p is an
odd prime number andm ≥ 1. Then for any even number n, n ∈ Σ(g, q)
if 2 ≤ n ≤ r − 1 and n ∈ Σ(eg, q) if 4 ≤ n ≤ r + 1. Therefore for all
even number n, 2 ≤ n ≤ r + 1, n ∈ Σ(q).
4 AIXIAN ZHANG AND KEQIN FENG
Proof. Suppose that 2 | n ≤ r − 1. Let S be any subset of Fr with
size n. Then for each a ∈ S,∆S(a) =
∏
b∈S
b6=a
(a − b) ∈ F∗r. Since Fq is the
quadratic extension of Fr, each non-zero element of Fr is a square in
F∗q. Therefore ηq(∆S(a)) = 1 for all a ∈ S. By Theorem 2.2 (1), we
get n ∈ Σ(g, q). Similarly we get that n ∈ Σ(eg, q) for even number
n, 4 ≤ n ≤ r + 1 by Theorem 2.2 (2) and taking a subset S of Fr with
size n− 1. 
3. Binomials and Linearized Polynomials
In general case, we should choose a subset S of Fq and compute
∆S(a) (a ∈ S) carefully to verify the conditions stated in Theorem 2.2.
The following simple fact can be used to simplify the computation of
∆S(a) in many cases. For a polynomial f(x) =
∑
aix
i ∈ Fq[x], we
denote the derivative of f(x) by f ′(x) =
∑
aiix
i−1 ∈ Fq[x].
Lemma 3.1. (1) Let S = {a1, a2, . . . , an} be a subset of Fq, fS(x) =∏
a∈S
(x− a). Then for any a ∈ S,∆S(a) = f
′
S(a).
(2) Let S1 and S2 be disjoint subsets of Fq,S = S1
⋃
S2, fSi(x) =∏
a∈Si
(x− a) (i = 1, 2). Then for b ∈ S,
∆S(b) =
{
∆S1(b)fS2(b), if b ∈ S1,
∆S2(b)fS1(b), if b ∈ S2.
(3) Let M ⊆ Fq, g(x) be a monic polynomial of degree d in Fq[x].
Assume that for each a ∈ M, g(x) = a has exactly d distinct solutions
x in Fq. Namely, the size of g
−1(a) = {b ∈ Fq : g(b) = a} is d for
all a ∈ M. Let S =
⋃
a∈M
g−1(a). Then for b ∈ S, we have ∆S(b) =
∆M(a)g
′(b) where a = g(b) ∈M.
Proof. (1) From f ′S(x) = (
n∏
λ=1
(x− aλ))
′ =
n∑
l=1
(
n∏
λ=1
λ6=l
(x− aλ)), we get, for
1 ≤ i ≤ n,
f ′S(ai) =
n∑
l=1
(
n∏
λ=1
λ6=l
(ai − aλ)) =
n∏
λ=1
λ6=i
(ai − aλ) = ∆S(ai).
(2) From fS(x) =
∏
a∈S
(x− a) = fS1(x)fS2(x), we get
f ′S(x) = f
′
S1
(x)fS2(x) + fS1(x)f
′
S2
(x).
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For b ∈ S1, fS1(b) = 0 and then
∆S(b) = f
′
S(b) = f
′
S1
(b)fS2(b) = ∆S1(b)fS2(b).
Similarly, for b ∈ S2,∆S(b) = ∆S2(b)fS1(b).
(3) For a ∈ M, g−1(a) is the set of zeros of g(x) = a. Namely,
g(x)− a =
∏
b∈g−1(a)
(x− b). We get
fS(x) =
∏
a∈M
∏
b∈g−1(a)
(x− b) =
∏
a∈M
(g(x)− a) = fM(g(x)),
where fM(x) =
∏
a∈M
(x− a). Then from f ′S(x) = f
′
M(g(x))g
′(x), we get,
for b ∈ S, a = g(b) ∈M,
∆S(b) = f
′
S(b) = f
′
M(g(b))g
′(b) = f ′M(a)g
′(b) = ∆M(a)g
′(b).

Let F∗q = 〈θ〉. In many known results the set S is chosen as a
subgroup C = 〈θe〉 of F∗q where q − 1 = ef, or a coset S = θ
λC of C in
F∗q or an union of coset S =
t⋃
i=1
(θλiC) (0 ≤ λ1 < λ2 < · · · < λt ≤ e−1).
For S = θλC, fS(x) =
f−1∏
j=0
(x − θλ+ej) = xf − θλf is a binomial and
f ′S(x) = fx
f−1. Another candidate of S is Fr-subspace V of Fq, where
Fr is a subfield of Fq (r = p
s, q = rl = psl), a coset V+ c (c ∈ Fq) or an
union of cosets. It is well-known that
fV(x) =
∏
a∈V
(x− a) = xr
t
+ c1x
rt−1 + · · ·+ ct−1x
r + ctx ∈ Fq[x]
is a Fr-linearized polynomial in Fq[x] and f
′
V(x) = ct where t = dimFr V.
Definition 3.2. Let Fr be a subfield of Fq, r = p
s, q = rl. A Fr-
linearized polynomial in Fq[x] has the following form
(3.1) L(x) = c0x
rt + c1x
rt−1 + · · ·+ ct−1x
r + ctx ∈ Fq[x] (c0 6= 0).
Let L(x) be a Fr-linearized polynomial in Fq[x]. The mapping
ϕL : Fq −→ Fq, α 7−→ L(α)
is Fr-linear. Namely, for a, b ∈ Fr, α, β ∈ Fq,
L(aα + bβ) = aL(α) + bL(β).
Thus the kernel and image of ϕL
Ker(ϕL) = {c ∈ Fq : L(c) = 0}, Im(ϕL) = {L(c) : c ∈ Fq}
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are Fr-subspaces of Fq, dimFr Ker(ϕL)+dimFr Im(ϕL) = dimFr Fq = l.
For more facts on linearized polynomials we refer to the book [13],
Section 3.4.
4. Review on Some Known Results
In this section, we select few known results on MDS self-dual codes
constructed via GRS codes and EGRS codes. We present simple proofs
with the approach illustrated in Section II. For more complete list of
known MDS self-dual codes we refer to the table in [3] and [15].
Theorem 4.1. ([3]) Let r = pm (p ≥ 3), q = r2, 1 ≤ l ≤ m and
d = gcd(l, m). Then for each k, 1 ≤ k ≤ pd, kpl ∈ Σ(g, q) if k is even
and kpl + 1 ∈ Σ(eg, q) if k is odd.
Proof. Let m = dm′, l = dl′,F = Fs for s = p
d. Then F is a subfield of
Fr and dimF Fr =
m
d
= m′. From 1 ≤ l ≤ m, we know that 1 ≤ l′ ≤ m′.
We take a F-subspace V of Fr with dimFV = l
′. Then |V| = |F|l
′
=
pl ≤ pm = |Fr|, and
fV(x) =
∏
c∈V
(x− c) = xs
l′
+ c1x
sl
′
−1
+ · · ·+ cl′−1x
s + cl′x
is a F-linearized polynomial in Fr[x]. Take γ ∈ Fq\Fr, then fV(γ) 6= 0.
For any b ∈ F, fV(bγ) = bfV(γ). Therefore bγ+V (b ∈ F) are p
d distinct
cosets of V in Fq. We take a subset M = {b1, b2, . . . , bk} of F with size
k (≤ |F| = pd). Let Hi = biγ+V and S =
k⋃
i=1
Hi = {biγ+ c : c ∈ V, 1 ≤
i ≤ k}. Then |S| = k|V| = kpl, and
fS(x) =
k∏
i=1
∏
a∈Hi
(x− a) =
k∏
i=1
∏
c∈V
(x− biγ − c) =
k∏
i=1
fV(x− biγ)
=
k∏
i=1
(fV(x)− bifV(γ)) = g(fV(x))
where g(x) =
k∏
i=1
(x − bifV(γ)). Thus for each a ∈ S, a = bλγ + c, 1 ≤
λ ≤ k and c ∈ V, we have fV(a) = bλfV(γ) and by Lemma 3.1 (3),
∆S(a) = g
′(fV(a))f
′
V(a) = ∆M′(bλfV(γ))cl′
where M′ = {bλfV(γ) : 1 ≤ λ ≤ k} and then
∆M′(bλfV(γ)) =
k∏
i=1
i 6=λ
(bλfV(γ)− bifV(γ)) = fV(γ)
k−1∆M(bλ)
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where M = {b1, b2, . . . , bk}. Since bi ∈ F ⊆ Fr (1 ≤ i ≤ k), we have
∆M(bλ)cl′ ∈ F
∗
r and ηq(∆S(a)) = ηq(fV(γ)
k−1∆M(bλ)cl′) = ηq(fV(γ))
k−1.
If k is even, ηq(∆S(a)) = ηq(fV(γ)) is the same for all a ∈ S. From The-
orem 2.2 (1) we get kpl = |S| ∈ Σ(g, q). If k is odd, then k − 1 is even
and then ηq(−∆S(a)) = 1 for all a ∈ S. From Theorem 2.2 (2), we get
kpl + 1 ∈ Σ(eg, q). 
Corollary 4.2. ([15]) Let q = p2m (p ≥ 3). Then for all even n, n ≡
0 or 1 (mod pm) and pm + 1 ≤ n ≤ q + 1, we have n ∈ Σ(q).
Proof. Take d = m in Theorem 4.1. 
In Theorem 4.1, S is chosen as an union of cosets of a subspace of
Fq. Now we consider S being an union of cosets of a (cyclic) subgroup
of F∗q = 〈θ〉. Let q − 1 = ef, then C = 〈θ
e〉 = {θej : 0 ≤ j ≤ f − 1}
is a subgroup of F∗q with |C| = f. All cosets of C in F
∗
q are the e-th
cyclotomic classes Dλ = θ
λC (0 ≤ λ ≤ e− 1).
Let Si = ξiC (1 ≤ i ≤ t) be t distinct cosets of C in F
∗
q (0 ≤ t ≤
e− 1),S =
t⋃
i=1
Si, |S| = tf. Then
(4.1) fS(x) =
∏
a∈S
(x− a) =
t∏
i=1
f−1∏
j=0
(x− ξiθ
ej) =
t∏
i=1
(xf − ξfi ) = g(x
f)
where g(x) =
t∏
i=1
(x− ξfi ) = fS′(x),S
′ = {ξfi : 1 ≤ i ≤ t}.
In [3], {ξi : 1 ≤ i ≤ t} is taken as a subset of 〈θ
r−1〉 for q = r2. Firstly
we should determine that how many elements ξ1, · · · , ξt in 〈θ
r−1〉 can
be taken such that the cosets ξiC (1 ≤ i ≤ t) are distinct.
Lemma 4.3. Let q = r2, r = pm (p ≥ 3), q − 1 = ef,F∗q = 〈θ〉,C =
〈α〉,M = 〈β〉, where α = θe and β = θr−1. Let {βi1, βi2, . . . , βit}
be a subset of M where i1, i2, . . . , it are distinct module r + 1. Then
βiλC (1 ≤ λ ≤ t) are distinct cosets of C in F∗q if and only if i1, i2, . . . , it
are distinct module r+1
gcd(r+1,f)
. Particularly, if 1 ≤ t ≤ r+1
gcd(r+1,f)
, there
exist t elements iλ (1 ≤ λ ≤ t) in Zr+1 = Z/(r+1)Z such that β
iλC (1 ≤
λ ≤ t) are distinct.
Proof. For i, j ∈ Zr+1,
βiC = βjC ⇔ βi−j = θ(r−1)(i−j) ∈ C = 〈θe〉
⇔ (r − 1)(i− j) ≡ 0 (mod e)⇔
e
gcd(e, r − 1)
| i− j.
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But ef = q − 1 = r2 − 1 and
e
gcd(e, r − 1)
=
r2 − 1
f
/ gcd(
r2 − 1
f
, r−1) =
r2 − 1
gcd(r2 − 1, f(r − 1))
=
r + 1
gcd(r + 1, f)
.
Therefore βiC = βjC if and only if i ≡ j (mod r+1
gcd(r+1,f)
). 
Now suppose that {i1, i2, . . . , it} be a subset of Zr+1 such that i1, i2, . . . , it
are distinct module r+1
gcd(r+1,f)
. Let B = {βiλ : 1 ≤ λ ≤ t}, β = θr−1.
Then
(4.2) S = BC =
t⋃
λ=1
βiλC,
is an union of t cosets of C in F∗q and | S |=| B || C |= tf. For each
γ = βiµαj ∈ S, by (4.1), we get
∆S(γ) = f
′
S(γ) = g
′(γf)fγf−1
= fβiµ(f−1)θje(f−1)∆S′(β
iµf) S ′ = {βi1f , · · · , βitf}
= fβiµ(f−1)θ−je∆S′(β
iµf ).(4.3)
From βr = θr(r−1) = θ1−r = β−1, we get
∆S′(β
iµf )r =
t∏
λ=1
λ6=µ
(βiµfr − βiλfr) =
t∏
λ=1
λ6=µ
(β−iµf − β−iλf )
=
t∏
λ=1
λ6=µ
βiλf − βiµf
βiµfβiλf
= (−1)t−1β−iµf(t−2)−fI∆S′(β
iµf)
where I =
t∑
λ=1
iλ. Therefore ∆S′(β
iµf)r−1 = θA, where
A =
1
2
(t− 1)(r2 − 1)− f(r − 1)[iµ(t− 2) + I]
and then
(4.4) ∆S′(β
iµf) = θB+(r+1)s
where s ∈ Z and
(4.5) B = A/(r − 1) =
1
2
(t− 1)(r + 1)− f [iµ(t− 2) + I].
Since 2 ∤ r, f ∈ F∗r, ηq(β) = ηq(θ)
r−1 = 1 and ηq(θ) = −1, from (4.3),
(4.4) and (4.5), we get ηq(∆S(γ)) = (−1)
d,
(4.6) d = ej +
1
2
(t− 1)(r + 1) + f(iµt + I).
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Moreover, let S˜ = S
⋃
{0}. Then |S˜| = tf + 1 and for γ = βiµαj ∈
S,∆
S˜
(γ) = ∆S(γ)γ. By (4.3), (4.6) and ηq(γ) = (−1)
ej we get
(4.7) ηq(∆S˜(γ)) = (−1)
d˜, d˜ =
1
2
(t− 1)(r + 1) + f(iµt+ I).
For 0 ∈ S˜,
∆
S˜
(0) = (−1)tf
t∏
λ=1
f−1∏
j=0
(βiλαj) = (−1)tfβfIα
f(f−1)
2
and
(4.8)
ηq(∆S˜(0)) = (−1)
ef(f−1)/2 = 1 since ef = q−1 = r2−1 ≡ 0 ( mod 4).
With above preparation we introduce the following result which ap-
pear in [3] but with slight different statement.
Theorem 4.4. Let r be a power of a prime number p ≥ 3, q = r2, q −
1 = ef and R = r+1
gcd(r+1,f)
.
(I) Assume that tf is even and 1 ≤ t ≤ R
(I1) If e is even, then tf ∈ Σ(g, q);
(I2) tf + 2 ∈ Σ(eg, q) if
(A) 2 | f and 4 | (t− 1)(r + 1); or
(B) 2 ∤ f.
(II) Assume that tf is odd. Then for 1 ≤ t ≤ R/2, tf +1 ∈ Σ(eg, q).
Proof. Let S be the set defined by (4.2), S˜ = S
⋃
{0}.
(I) If 2 | tf, by (4.6) we know that for γ = βiµαj ∈ S, ηq(∆S(γ)) =
(−1)d, where
d = ej+ftiµ+fI+
1
2
(t−1)(r+1) ≡ ej+fI+
1
2
(t−1)(r+1) (mod 2).
(I1) If 2 | e, then d ≡ fI +
1
2
(t − 1)(r + 1) (mod 2) which is inde-
pendent of iµ and j. Namely, all ηq(∆S(γ)) (γ ∈ S) are the same. By
Theorem 2.2 (1) we get tf ∈ Σ(g, q).
(I2) From (4.8) we get ηq(−∆S˜(0)) = 1. From (4.7) we know that for
γ = βiµαj ∈ S, ηq(−∆S˜(γ)) = (−1)
d˜ (γ ∈ S) where d˜ ≡ fI+1
2
(t−1)(r+
1) ( mod 2). If 2 | f and 4 | (t−1)(r+1), then 2 | d˜ and ηq(−∆S˜(γ)) = 1
for all γ ∈ S. By Theorem 2.2 (2) we get tf +2 = |S˜|+1 ∈ Σ(eg, q.) If
2 ∤ f, d˜ ≡ I + 1
2
(t− 1)(r + 1) (mod 2). When 1 ≤ t ≤ R− 1, it is easy
to see that there exist 0 ≤ i1 < i2 < · · · it ≤ R− 1 such that
I =
t∑
λ=1
iλ ≡
1
2
(t− 1)(r + 1) (mod2).
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Then ηq(−∆S(γ)) = 1 for all γ ∈ S.
By Theorem 2.2 (2), we get tf + 2 ∈ Σ(eg, q). When t = R, then
{i1, i2, · · · , it} = {0, 1, · · · , R − 1}(mod R), I ≡
1
2
R(R − 1) (mod 2),
and d˜ ≡ 1
2
R(R−1)+(R−1)(r+1) ( mod 2). Remark that R = r+1
gcd(r+1,f)
is even for 2 ∤ f. Then we get
2d˜ ≡ R(R− 1) + (R− 1)(r + 1) ≡ R + r + 1 ≡ 0 (mod 4).
Therefore ηq(−∆S˜(γ)) = 1 for all γ ∈ S. By Theorem 2.2 (2), we get
tf + 2 ∈ Σ(eg, q).
(II) If 2 | tf, by (4.6) we get ηq(−∆S(γ)) = (−1)
d for γ = βiµαj ∈ S
where d ≡ iµ + I ≡ 0 (mod 2) and I =
t∑
λ=1
iλ. From 2 ∤ f, we know
that 2 | R. If 1 ≤ t ≤ R/2, we take iµ = 2µ− 1 (1 ≤ µ ≤ t). Then
I =
t∑
µ=1
iµ ≡ t ≡ 1 (mod 2), d ≡ iµ + I ≡ 0 (mod 2)
which means that ηq(−∆S(γ)) = 1 for all γ ∈ S. By Theorem 2.2 (2),
we get tf + 1 = 1 + |S| ∈ Σ(eg, q). 
Theorem 4.5. ([3]) Let r be a power of a prime number p ≥ 3, q =
r2, q − 1 = ef, 2 | s | f, 2s | r + 1 and D = s(r−1)
gcd(s(r−1),f)
. Then for any
t, 1 ≤ t ≤ D, tf + 2 ∈ Σ(eg, q). Moreover, if 2 | e, then tf ∈ Σ(g, q).
Proof. Let F∗q = 〈θ〉,C = 〈α〉, α = θ
e, β = θ
r+1
s . Similarly as Lemma
4.3, we can prove that for 1 ≤ t ≤ D,S =
t⋃
λ=1
βλC is a disjoint union
of t cosets of C in F∗q , |S| = tf. For γ = β
µαj ∈ S, by (4.3) we get
(4.9) ∆S(γ) = fβ
µ(f−1)θ−ej∆S′(β
µf)
where S ′ = {βλf : 1 ≤ λ ≤ t}. From s | f we know that
(βλf)r = θ
f
s
λr(r+1) = θ
f
s
λ(r+1) = βλf .
Therefore βλf ∈ F∗r ,∆S′(β
µf) ∈ F∗r and ηq(∆S′(β
µf)) = 1. From 2 | r+1
s
,
we get ηq(β) = 1. Then by (4.9),
(4.10) ηq(∆S(γ)) = ηq(θ
ej) = (−1)ej .
If e is even, then tf = |S| ∈ Σ(g, q) by Theorem 2.2 (1).
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On the other hand, for S˜ = S
⋃
{0}, we have
∆
S˜
(0) = (−1)tf
t∏
λ=1
f−1∏
j=1
(βλαj)
ηq(∆S˜(0)) = ηq(α
f(f−1)
2 ) = ηq(θ
(q−1)(f−1)
2 ) = 1.
Since q = r2 ≡ 1 (mod 4). For γ = βµαj ∈ S,∆
S˜
(γ) = ∆S(γ)γ and
ηq(∆S˜(γ)) = ηq(θ
ejθej) = 1 for all γ ∈ S. By Theorem 2.2 (2) we get
tf + 2 ∈ Σ(eg, q). 
5. New Results
In this section we present several new constructions of MDS self-
dual codes. Firstly we consider S as a disjoint union of a subset and a
subspace of Fq.
Theorem 5.1. Let r = pm (p ≥ 3), q = r2. Then for each even number
n, 2 ≤ n ≤ 2r, we have n ∈ Σ(q). Precisely, let 0 ≤ l ≤ r−1, d ∈ {0, 1}.
Then l + dr ∈ Σ(g, q) if 2 | l + d, and l + dr + 1 ∈ Σ(eg, q) if 2 ∤ l + d.
Proof. For d = 0, 2 ≤ l ≤ r−1, this is Corollary 2.4. For d = 1, consider
the trace Tr(x) = x+ xr from Fq to Fr. The set V is comprised of the
zeros of Tr(x) is a Fr-subspace of Fq, |V | = r. For each a ∈ Fr,Tr(a) =
2a which implies that Fr
⋂
V = {0}. Let M = {a1, a2, . . . , al} be a
subset of F∗r, 0 ≤ l ≤ r−1. Let S =M
⋃
V, thenM
⋂
V = ∅, |S| = l+r
and
fS(x) =
∏
α∈S
(x− α) = fM(x)fV (x)
where fM(x) =
∏
a∈M
(x − a) ∈ Fr[x] and fV (x) = Tr(x). Thus f
′
S(x) =
f ′M(x)Tr(x) + fM(x).
For γ ∈M,∆S(γ) = f
′
S(γ) = ∆M(γ)Tr(γ) ∈ F
∗
r. For γ ∈ V,∆S(γ) =
f ′S(γ) = fM(γ) ∈ F
∗
r . Thus ηq(f
′
S(γ)) = 1 for all γ ∈ S. The conclusion
is derived from Theorem 2.2. 
For all MDS self-dual codes over Fq constructed so far, q is a square.
Now we show a “lifting” result without this restriction.
Theorem 5.2. Let q = pm, Q = ql, l ≥ 1 and p ≥ 3.
(1) If n is even, 2 ≤ n ≤ q−1 and n ∈ Σ(g, q), then nql−1 ∈ Σ(g,Q).
(2) If n is odd, 1 ≤ n ≤ q and n + 1 ∈ Σ(eg, q), then nql−1 + 1 ∈
Σ(eg,Q).
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Proof. (1) Suppose that 2 | n, 2 ≤ n ≤ q − 1 and n ∈ Σ(g, q). Then
there exists a subset M of Fq, |M| = n such that ηq(∆M(a)) are the
same for all a ∈ M. Consider the trace mapping
Tr : FQ −→ Fq, Tr(α) = α + α
q + αq
2
+ · · ·+ αq
l−1
.
This is a surjective and Fq-linear mapping. Let θ ∈ FQ such that
Tr(θ) = 1. Let V be the set of the zeros of Tr(x). Then V is a Fq-
subspace of FQ, |V | = q
l−1. For each a ∈ M, the set Sa = {b ∈ FQ :
Tr(b) = a} is the coset aθ + V of V in FQ. Let S =
⋃
a∈M
Sa. Then
|S| = |M||Sa| = nq
l−1 and
fS(x) =
∏
a∈M
∏
b∈Sa
(x− b) =
∏
a∈M
∏
c∈V
(x− aθ − c)
=
∏
a∈M
Tr(x− aθ) =
∏
a∈M
(Tr(x)− a) = g(Tr(x))
where g(x) =
∏
a∈M
(x− a) = fM(x). Therefore for b = aθ + c ∈ Sa, a ∈
M, c ∈ V,
∆S(b) = f
′
S(b) = f
′
M(Tr(b)) = f
′
M(a) = ∆M(a).
Since ηQ(∆S(b)) = ηQ(∆M(a)) = ηq(∆M(a))
Q−1
q−1 (b ∈ S) are the same,
we get nql−1 = |S| ∈ Σ(g,Q) by Theorem 2.2 (1).
(2) Suppose that 2 ∤ n, 1 ≤ n ≤ q and n + 1 ∈ Σ(eg, q). Then there
exists a subset M of Fq, |M| = n such that ηq(−∆M(a)) = 1 for all
a ∈ M. As in (1), let Tr be the trace mapping from FQ to Fq, θ, V
and Sa (a ∈ M) are the same as in (1). For S =
⋃
a∈M
Sa, we also have
∆S(b) = ∆M(a) for b ∈ S. Since
ηQ(−∆S(b)) = ηQ(−∆M(a)) = ηq(−∆M(a))
Q−1
q−1 = 1
for all a ∈M, we get nql−1 + 1 ∈ Σ(eg, q) by Theorem 2.2 (2). 
In the next construction we use the norm mapping in stead of the
trace. Let Fr be the subfield of Fq, q = r
s. The norm mapping for
extension Fq/Fr is
N(x) : F∗q −→ F
∗
r, N(α) = α
q−1
r−1 .
This is a surjective homomorphism of (multiplicative) groups. Let
F∗q = 〈θ〉, the set of zeros of N(x) = x
q−1
r−1 = 1 is the subgroup B = 〈θr−1〉
of F∗q and for each a ∈ F
∗
r,
N−1(a) = {b ∈ F∗q : N(b) = b
q−1
r−1 = a}
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is a coset b′B where b′ is any element in F∗q such that (b
′)
q−1
r−1 = a.
Theorem 5.3. Let r = pm (p ≥ 3) and q = rs.
(1) If s is even, and 1 ≤ l ≤ r−1
2
, then l· q−1
r−1
∈ Σ(g, q) and l· q−1
r−1
+2 ∈
Σ(eg, q).
(2) Suppose that s is odd, 1 ≤ l ≤ r − 1
(2.1) If l is even and l ∈ Σ(g, r), then l · q−1
r−1
∈ Σ(g, q);
(2.2) If l is odd and l + 1 ∈ Σ(eg, r), then l · q−1
r−1
+ 1 ∈ Σ(eg, q).
Proof. Let N (x) = x
q−1
r−1 ,F∗q = 〈θ〉, B = 〈θ
r−1〉,M = {a1, a2, · · · , al} ⊆
F∗r, 1 ≤ l ≤ (r − 1)/2. Let bi ∈ F
∗
q such that N(bi) = ai (1 ≤ i ≤ l). Let
Si = biB and S =
l⋃
i=1
Si. Then
|S| = l ·
q − 1
r − 1
≡ ls (mod 2), fS(x) = fM(x
q−1
r−1 )
where fM(x) =
l∏
i=1
(x− ai). For each α ∈ Si, α = bic (c ∈ B),
∆S(α) =
q − 1
r − 1
f ′M(α
q−1
r−1 )α
q−1
r−1
−1 = f ′M(α
q−1
r−1 )α
q−1
r−1
−1.
Since α
q−1
r−1 = b
q−1
r−1
i = ai,
q−1
r−1
−1 ∈ F∗p ⊆ F
∗
q and
q−1
r−1
−1 ≡ s−1 ( mod 2),
we have
∆S(α) = ∆M(ai)α
q−1
r−1
−1, ηq(∆S(α)) = ηq(∆M(ai))ηq(α)
s−1.
Then from α = bic, c ∈ 〈θ
r−1〉, 2 | r − 1 and ∆M(ai) ∈ F
∗
r we get
(5.1) ηq(∆S(α)) = ηq(∆M(ai))ηq(bi)
s−1 = ηr(∆M(ai))
sηq(bi)
s−1.
(1) Suppose that 2 | s. Then ηq(∆S(α)) = ηq(bi) for α = bic ∈ Si. Let
Q = {a ∈ F∗r : ηr(a) = 1}. Then |Q| =
r−1
2
, and by assumption 1 ≤ l ≤
r−1
2
, we can take a subset M = {a1, a2, · · · , al} of Q, ai = e
2
i (ei ∈ F
∗
r).
Let b′i ∈ F
∗
q such that N(b
′
i) = ei. Then for bi = (b
′
i)
2,N (bi) = e
2
i = ai
and ηq(bi) = ηq(b
′
i)
2 = 1 (1 ≤ i ≤ l). Therefore ηq(∆S(α)) = 1 for
all α ∈ S, and |S| = ls ≡ 0 (mod 2). By Theorem 2.2 (1) we get
l · q−1
r−1
∈ Σ(g, q).
Moreover, let S˜ = S ∪ {0}, |S| = l · q−1
l−1
+ 1 is odd. By 2 | s we
get ηq(−∆S˜(α)) = 1. For α = bic (c ∈ B = 〈θ
r−1〉) and 2 | r − 1, we
get ηq(α) = 1. Therefore ηq(−∆S˜(0)) = ηq(
∏
α∈S
α) = 1. By Theorem 2.2
(2), we get l · q−1
l−1
+ 2 ∈ Σ(eg, q).
(2) Suppose that 2 ∤ s. Then l · q−1
r−1
≡ ls ≡ l ( mod 2) and by (5.1) we
have ηq(∆S(α)) = ηr(∆M(ai)) for α = bic (c ∈ B = 〈θ
r−1〉), N(bi) = ai.
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(2.1) If 2 | l and l ∈ Σ(g, r), there exists a subsetM = {a1, a2, · · · , al}
of Fr such that ηr(∆M(a)) (a ∈ M) are the same. For any a ∈
Fr, let a +M = {a + a1, a + a2, · · · , a + al}. It is easy to see that
∆M(ai) = ∆a+M(a + ai). Then by assumption 1 ≤ l ≤ r − 1, we
can choose M being a subset of F∗r. Then by Theorem 2.2 (1) and
ηq(∆S(α)) = ηr(∆M(ai)) (α = bic, N (bi) = ai) we get
l ·
q − 1
r − 1
= |S| ∈ Σ(g, q).
(2.2) If 2 ∤ l and l + 1 ∈ Σ(eg, r), there exists a subset M =
{a1, a2, · · · , al} of F
∗
r such that ηr(−∆M(a)) = 1 for all a ∈ M. Then
ηq(−∆S(α)) = ηr(−∆M(a)) = 1 for all α ∈ S (α = bc, c ∈ B, b
q−1
r−1 =
a ∈ M). By Theorem 2.2 (2) we get l · q−1
r−1
+ 1 ∈ Σ(eg, q). 
6. Conclusion and Open Problems
Basic on fundamental results ( Theorem 2.2 (1) and (2) ) on MDS
self-dual codes constructed via generalized RS codes and extended gen-
eralized RS codes given by Jin and Xing [9] and Yan [15] respectively,
we present an unified approach to treat previous constructions with
simplified proofs and concise statements and show several new con-
structions of MDS self-dual codes. Now we raise two open problems.
(1) To determine the set Σ(g, q),Σ(eg, q) and Σ(q) for certain q =
pm (p ≥ 3 and m ≥ 1). Many even numbers in these three sets are
known by previous constructions of MDS self-dual codes over Fq. On
the other hand, the following result shows that there exist at least a
half of even number which do not belong to Σ(q) for q ≡ 3(mod 4).
Theorem 6.1. If q = pm ≡ 3(mod 4) and n ≡ 2(mod 4), then there
is no self-dual codes over Fq with length n. Particulary, n /∈ Σ(q).
Proof. Suppose that C is a self-dual code over Fq with length n =
2k, k = dimFq C, C ⊆ F
n
q . Up to an equivalent, we assume that the first
k symbols are information symbols. Then C has a generator matrix in
the following form
G =
[
Ik P
]
=

v1...
vk

 , P = (pij)1≤i,j≤k =

u1...
uk


vi = (ei|ui), ei = (0, · · · , 0, 1, 0, · · · , 0), ui = (pi1, pi2, · · · , pik) (1 ≤ i ≤ k)
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the i-th places of ei is 1, and other place of ei are 0. Since C is self-dual,
we get, for 1 ≤ i, j ≤ k, 0 = viv
T
j = eie
T
j + uiu
T
j = δij + uiu
T
j ,
δij =
{
1, if i = j,
0, otherwise.
This means that PP T = −Ik, so that (detP )
2 = (−1)k. By assumption
q ≡ 3(mod 4) and k = n
2
≡ 1(mod 2), we get 1 = ηq(detP )
2 =
ηq(−1)
k = −1, a contradiction. Therefore there is no self-dual code
over Fq with length n ≡ 2(mod 4). 
The following conjecture is well-known.
MDS Main Conjecture: For all MDS codes over Fq (2 ∤ q), the
length n is at most q + 1. This conjecture has been proved in [1] when
q = p is an odd prime number.
(2) Is the MDS Main Conjecture true for MDS self-dual codes over
Fq where q = p
m, and m ≥ 2?
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